
Statistics

Def I : A
" I random ) sample

"

of size n :

( Xi , Xz , . .

. ,
Xn ) where Xi 's are independently

drawn from the same dist of no
. X

.

Ex ; ( Xi , .
.  - , Koo ) is a sample of size too from

X r N Cee ,

02 )

Def 2 : A
"

statistic
"

is a function of a sample .

Eg .

, I = Xi : sample mean

5=¥¥I(Xi -IT : sample variance



Def 3 : A
"

(point) estimate
"

of a parameter O is a

single number that can be regarded as a sensible

value of O
,

e. g. ,
a suitable statistic computed

from a given sample .

Use it to customarily

denote the estimate
.

( or rarely 8)

Ex : I
, ji -

- I is an estimate
of u using a sample

Xi ,
.

. .

, Xn di HIM ,
P )

.

N
2

.

07=5 = ¥-2 Hi-IT and
it

I = it, Edi-55 are estimates of T
.

E- I

3
. If = is an estimate of p from a sample x , , . . ,XadBerk )

N



I
.

Method of Moments Estimator

① Write theoretical and sample moments

② Equate to solve for the params

EX : Find fun for a sample Hi , . - . , Xn ) drawn from
dist w/ mean µ .

nAns : m ,
= EE ]=µ S , -_tnExi

it

Set Mi -

- Si
, we have

f-finally .in .

farm-

- Finzi-

- I



Ex : Find Finn for a sample Cx , , . . .

. xn ) drawn from a

diet w/ Meany end variance r2
.

Ans : mi = Ek ]=U Six
n

ma -

- EET -_µ4o
'

Sin Xi

Set mi -

- Si
,

E- 1,2
, namely ,

III.tn-x://r-iin.mn
⇒

Mmm -

- I
ok rim

Emm -

- fix :-(IT
= In EtcXi - II ( biased )



Ex : Find Pimm for h sample of size n Berfp ,

Ans : MEEK ) -

- ftp.ottpx Si=Xi
=p

(m .

-

- Si )p=pxm ,

15mm -

- I -

- t.E.fi .



2. Maximum Likelihood Estimator ( MLE )

① Write the likedof sample / data ( x . , . .
.

, Xn )
,

or

the joint diet
,

ICO ) = fxixz .
.

. Xn ( x , ,xz , .
. .

,
Xn )

= IIfxifxi ) -

- IIfxtxis

② Find it that maximizes the ( log ) likelihood
.

µ LE

* my ÷÷÷7r :*
N*¥#* _***#

OH
"

E-It fxix.fx.am.. . •fxntxn)



Ex : Find'M me for a sample 'Xi , .
.

. , Xn NH og

Ansi L =f× .
. . yntx , . . .

,
xn ) = fx

.

HD . .
. . . fxnlxn)

=¥oe
- ⇐¥

.
. . . . '⇒e

- 4¥

=

ftp.dne#Eiexi-usylCMS=lnLlG---nlnGEar
) - for .IE

,

Hi-15

amuse =
- Ia Ii

,

zcxi - us .  th Et / 0

FT MLE

Zxi  
= htt me ⇒ time -

- h¥ixi
= I



EX : Find pine for Xi . . .
. ,

X n N Bercp )

Ans : Pxl 03=1- P , Px(1) =p

⇐ Pxcx ) =p
"

. f- p )
' "

Lips ' if pxici-pj-xi-p.E.tk
'

g. p ,ET -xD

In L = ⑦xi ) lnpt Eli - xi ) Incl - p )

ZplnUP) -

- Exit # t §a - xi ) ] # Etfo
⇐Xi ) C i p) = fzci- Xi , ] .

§
FE me

A

Exi  =p ( EiixitFill- mis) ⇒ fine =h÷Ixi=x



Invariance Principle of MLE

Let Of
,

.
. .

,

in be the hues for a . . .
. , On

,
then

Hoi
,

.

.
.

,
En ) is the MLE for tuco

, . .

.

,
on ) ?

-

" I

Ex : out = the
,

Hi-IT
,

then

Quee = Tizi
O ,

=P

• U = To, = No , )
D= Hiei ,

= Else



Ex a At E- O , 20 identical components are tested
.

Life time Xi ~ exp Id ) . After 24 hrs
,

15

are still in operation .
Derive MLE of a

.

Ans : §µ⇐= 15/20
"

In operation flag
"

, Win Bercp )

×
FRHists

'

-

- I - pcxi .j
'

"
-

.

Exp :
-

E pan ⇐ e.
in

a -

e

" "

EKE 's
⇒ In ⇐

= In ¥24 )
'

-

-
i

.

Var =L



Def 4 .

An eetimete it is an
" unbiased "

estimator

of o if ECE ] = O
.

to
.

bias.to) EEE ] - O

Ex : Elliman ]=ECI]=EHnIxi]=tnEEXi=µ unbiased

EC mm ]= ( Hw ) biased

E mm ]=E[ ELI ]=EE = =p unbiased

Echinus ]=E[ I ]=M unbiased

EC uLeT= ( HW )
biased

Efface ] =P unbiased



Principles : When choosing among several estimators of

O
,

we usually prefer the unbiased one
.

Among all unbiased estimators of a
,

choose the

one that hes the minimum variance
.

The resulting

§ is called the minimum variance unbiased
-

estimator ( MVUE ) of O
.

-

Comment : If the he VUE has a Larger variance than a

biased one
,

we may choose either estimator
,

depending on the use case
.

HSE =E-OT ) = fiasco , t Var I I )



Def 5
.

An estimator En is " consistent
"

if for

every Of
,

In Eso as n-ss.ie
,-

him PHIN-ol >e) = o
. for every e

.

Note that MLE is consistent
.

Chaim .

. Ji -

- I for ( Xi , . .

.

, Xn ) NN CM ,
M ) is consistent

.

EEN'

O'n=tnExi . 0=1 .

ion .otp, Vartan)
BE lien-ol se ] s

' =p
Fios E

Vartan )= varftn-xif-nhvarfxij-ffzvarlxit.tn#
Hence

,
PCE-ol > e) eat → o as ness

. is

=%



Markov 's Inequality . fxtx)

Pix.ae#xat of;i÷%x. . ":c::::÷ .

XZO ,
a > o

Chebyshev 's Inequality

Pdx.Exhale #"aI=Vw#



U t.IE) = El Exi - EExit ]

= ECIIIHi-Exit )
'

]
-

Ui

:¥i÷÷÷¥÷i÷÷::iii."

¥÷tE÷= ELIE
,

Ui t 2 Ein je,

Ui Uj )

= FI EH-Exit ) t 2 EEEi -Exe ) C xj - EX j ) )
= II

,

Vlxi ) t 2¥
,

-2 an Hi
, xD

jsi

If ¥Xi
,

V LEXI ) -

- EV Hi )
.


